HOPF-GALOIS EXTENSIONS AND AN EXACT 
SEQUENCE FOR #-PICARD GROUPS 
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Abstract. Let H be a Hopf algebra, and A an if-Galois extension. We 
investigate _ff-Morita autoequivalences of A, introduce the concept of H- 
Picard group, and we establish an exact sequence linking the ff-Picard 
group of A and the Picard group of A coH . 



1. Introduction 

The aim of this paper is the following generalization, presented in Section [7] 
below, of the main result of M. Beattie and A. del Rio [I] (see also |14j for 
an approach based on [13]). 

Theorem 1.1. Assume that H is a cocommutative Hopf algebra over the 
field k. Let A be a faithfully flat H -Galois extension. There is an exact 
sequence 

1 -► H l (H, Z{A coH )) ^ Pic H (A) % Pic{A coH ) H ^ H 2 (H, Z{A coH )). 

Here H* (H , Z (A coH )) are the Sweedler cohomology groups (with respect to 
the Miyashita-Ulbrich action of H on Z(A coIi )), V\c(A coH ) H is the group of 
.ff-invariant elements of Pic(j4 co ^) and V\c H {A) is the group of isomorphism 
classes of invertible relative Hopf bimodules. We shall give later more details 
about these notations. Moreover, g\ and 52 ar e group-homomorphisms, 
while (73 is not. 

We give a proof of the theorem by using the ideas of [2] and the results of 
[6J and [15] , obtaining in this way an interesting interpretation of the above 
theorem in terms of Clifford extendibility to A of ^4 co ^-modules. 
The paper is divided as follows. In Section [2] we present our general set- 
ting, which involves Hopf-Galois extensions, the Miyashita-Ulbrich action, 
and most importantly, the concepts of //-Morita context and □j^-Morita 
context introduced in [B], and their relationship with Hopf subalgebras. 
The main result of Section says that if H is cocommutative and A is 
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a faithfully flat //-Galois extension of B := A coH , then the cotensor prod- 
uct is a faithfully flat Hopf-Galois extension of the en- 
veloping algebra B e := B (g) B op . In the first part of Section 0] we discuss 
the particular case when A is a cleft extension of the commutative algebra 
B := A coH , and especially, the characterization of this situation in terms 
in Sweedler's 1- and 2-cohomology. This is needed in the second part of 
Section HI where we review and adapt to our needs the results of Militaru 
and §tefan [15] on Clifford extendibility of modules. The cleft extension 
in discussion is the subalgebra E := ^END^ ®b M) op of rational ele- 
ments in J 4End(yl <S>b M) op , where M is an //-invariant -B-module, and 
E coH ~ sEnd(M) op is assumed to be commutative. In Section Owe intro- 
duce the //-Picard group Pic H (A) and the D/f-Picard group Pic^ 11 (A coH ) 
of A coH . It is a consequence of the results of [6] that the groups Pic H (A) 
and Pic^ H (A coH ) are isomorphic. In the situation where H is cocommuta- 
tive, we can introduce the subgroup Pic(A coH ) H of Pic{A coH ) consisting of 
//-stable elements of Pic(A co ^) (Section [U]). The definitions of the maps gi, 
#2 and gs, as well as the proof of the main theorem are given in Section [71 
The main ingredient here is the application of the Militaru-Stefan lifting 
theorem to an //-stable invertible (B, Z?)-bimodule M, by considering the 
cleft extension E := A neEND(A De ® B e M)°v of E coH ^ Z(B). Note that the 
action of H on Z(B) coming from E is the same as the Miyashita-Ulbrich 
action coming from A, hence it is independent of M . Section [8] is concerned 
with the analysis of the map 53. It turns out that the action Pic(Z?) on Z(B) 
induces an action of Pic(-B) on H n (H,Z(B)), and that 53 is an 1-cocycle 
of the group Pic(B) H with values in H 2 (H, Z(B)). 

The exact sequence describing P\c H {A) given in Section [7J holds in the case 
where H is cocommutative; in the general case, we can still give a descrip- 
tion of Pic^(^4), in the case where the coinvariants of A coincide with the 
groundfield, that is, A is an //-Galois object. This is done in Section and 
involves Schauenburg's theory of bigalois objects. 

Modules will be unital and left, unless otherwise stated. For general results 
on Hopf algebras the reader is referred to [7], [9] or [16] . For group graded 
versions of the topics discussed here we also mention [3j and [11] . 

2. Hopf-Galois extensions 

Throughout this paper, H is a Hopf algebra, with bijective antipode S, 
over a field k. We use the Sweedler notation for the comultiplication on 
H: A(h) = hm (8) hr 2 y M H (respectively H M) is the category of right 
(respectively left) //-comodules. For a right //-coaction p (respectively a 
left //-coaction A) on a fc-module M, we denote 

p(m) = mj ] ® mm and X(m) = rar_i] ® rnm\. 

The submodule of coinvariants M coH of a right (respectively left) ff-como- 
dule M consists of the elements m S M satisfying p(m) = m<8>l (respectively 
A(m) = 1 ® to). 

Let A be a right //-comodule algebra. aM h and Ai A are the categories of 
left and right relative Hopf modules, and a-M.^ is the category of relative 
Hopf bimodules, see [B]. B = A coH will be the subalgebra of coinvariants of 
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A. We have two pairs of adjoint functors (F% = A ®b — , G\ = (—) coH ) and 
(F 2 = — <&b A, G2 = (—) coH ) between the categories bM and aM h , and 
between M. B and Consider the canonical maps 

can : A®b A — » A® H, can(a 8s &) = aor ] <8> £>m; 
can': A®bA^A®H, can'(a ®b &) = a>\o]b ® am. 

We have the following result, due to H.-J. Schneider [18, Theorem I]. 

Theorem 2.1. For a rig/rf H-comodule algebra A, the following statements 
are equivalent. 

(1) (i^G^) is a pair of inverse equivalences; 

(2) (F2, G2) is a pair of inverse equivalences and A G #.A/f is /Zai; 

(3) can is an isomorphism and A 6 #.M is faithfully flat; 

(4) (.Fi,Gi) is a pair of inverse equivalences; 

(5) (.Fi, Gi) is a pair of inverse equivalences and A £ Mb is flat; 

(6) can' is an isomorphism and A £ Mb is faithfully flat. 

If these conditions are satisfied, then we say that A is a faithfully flat H- 
Galois extension of B. 

The Miyashita-Ulbrich action. Let A be a faithfully flat right ff-Galois 
extension, and consider the map 

= can -1 o (riA ® H) : H -> A ® B A, h i-> ^ 0^ ^(/i). 

i 

Then the element 7^4 is characterized by the property 

(1) ^ li(/i)ri(/i)[o] ® r<(/i)[i] =l®h. 

i 

For all h,h' £ H and a £ A, we have (see [T9l 3.4]): 

(2) lA {h) £ (A® B A) B ; 

(3) 7a0(i)) (8> /i( 2 ) =^'iW ^nf^o^nWii]; 

i 

(4) Ya0(2)) 81 = ^Zi(/i)[ ] <8>B ® ^0)[i]! 

i 

(5) ^/ i (/ i )r i (/ i ) = e(/ l )l A ; 

i 

(6) y^Qroi^( a [il) ®-B r *( a [i]) = 1 ®b a; 

i 

(7) lA {hti) = k(h%(h) ® B rjWniti). 

Using the above formulas, it is straightforward to show that Z(B), the center 
of B, is a right -ff-module algebra under the Miyashita-Ulbrich action: 

x • h = h(h)xr,i(h), 
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for all x £ Z(B), h £ H. In what follows, we will view Z{B) as a left 
ii-module algebra via 

(8) h-x = x» S~\h) = l i (S- 1 (h))xr i (S- 1 (h)). 

i 

We will need the following commutation rule in the sequel. 
Lemma 2.2. For x £ Z(B) and a £ A, we have 

(9) xa = ami (iS'(am) • x) and ax = (am • x)clm\. 

Proof. From ([6]), we know that J2i a [o]^( a [i]) ( S's r 'i( a [i]) = 1®bO £ U®b^4 C 
A ®b A, and then we can see that 

x (g>£ a = ^ia [0 ]!i(a[i]) (gis r^a^j) = ^ a [0 ] ij (a^j )x ® B n(a^\), 

i i 

hence 

xa = ^a^liia^xr^a^) = a [0] (5(a [1] ) • x). 

i 

For all h & H, we have that h ■ x £ Z(B). Apply the first formula of ([9]) 
with x replaced by a^j • x; this gives the second formula: 

• x)a[o] = «[o]((5 , (a [ i])a [2 ]) • x) = ax. 

□ 

Morita equivalences. We recall here some concepts and results from |6j. 
These are the main ingredients in the definition of Pic^ (^4) and of the maps 
gi and §2 in Theorem II .li 

Definition 2.3. Let A and A 1 be right .ff-comodule algebras. An i/-Morita 
context connecting A and A' is a Morita context (^4, A', M, N, a, (3) such 
that M £ aM%, N £ A'M%, a : M ® A , N -> A is a morphism in aM^ 
and (5 : N ®a M — > A' is a morphism in a'-Ma'- 

Definition 2.4. Assume that A and A' are right faithfully flat f/-Galois 
extensions of A coH = B and A' coH = B'. A Ou-Morita context between B 
and B' is a Morita context (B,B',Mi,Ni,ai,(3±) such that Mi (resp. N{) 
is a left A\3 H A' op -module (resp. A'D^A^-module) and 

• af. Mi ® B i Ni -» B is left AD#A°P-linear, 

• (3i : N x ® B Mi^ B' is left A'D^ A /op -linear. 

Morita(5, B') is the category with Morita contexts connecting B and B' as 
objects. A morphism between the Morita contexts (B,B',Mi,Ni,ai,(3i) 
and (B, B', M%, N2, a-2, P2) is a couple (fJ>,v), with \x : M\ — > M2 and ^ : 
iVi — > ^2 bimodule maps such that ai = c^o^^B'^) and f3\ = /32°(^®B/f)- 
In a similar way (see [6]), we introduce the categories Morita Dg (£,£') and 

Morita H (,4,yl'). 

We recall the following result, see [51 Theorems 5.7 and 5.9]. 

Theorem 2.5. Assume that A and A' are right faithfully flat H-Galois 
extensions of B and B' . 

(1) The categories Morita ^ {A, A') and Mjarita H (B, B') are equivalent. 
The equivalence functors send strict contexts to strict contexts. 
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(2) Let (B,B',M 1 ,Ni,a 1 ,/3 1 ) be strict Morita context. If Mi has a left 
A\DhA'° p -module structure, then there is a unique left A'\DhA° p - 
module structure on N\ such that (B, B', M\, N\, a\, f3\) is a strict 
\3h -Morita context. The corresponding strict H -Morita context 
(A, B, M, N,a, (3) is given by the following data 

M = (A® A'° v ) ®ada'°p Mi G aM%; 

N=(A'® A op ) ® A/nA o P Ni G A >M%; 

a = {A® A op ) ®adaop Pi ; (3= (A' <g> A' op ) ® a >ua'^ Pi- 

Hopf subalgebras. Now let K be a Hopf subalgebra of H. We assume 
that the antipode of K is bijective, and that H is faithfully flat as a left 
-RT-module. Let K + = Ker(ex)- It is well-known, and easy to prove (see 
[2B Sec. 1]) that _ 

~H = H/HK + = H ®k k 
is a left .ff-module coalgebra, with operations 

h-l = hi, Ajj(h) = <g> h(2), Sjjih) = s(h). 

The class in H represented by h £ H is denoted by h. 1 is a grouplike element 
of H, and we consider coinvariants with respect to this element. A right H- 
comodule M is also a right i^-comodule, by corestriction of coscalars: 

pjj{m) = m [0 ] (g>m[i]. 
The i?-coinvariants of M G A4 are then 

M coH = {m G M | m[ ] &> m[i] = m ® T} 

= {m £ M | p(m) G M®K} = MU H K. 

If A is a right ff-comodule algebra, then A coH is a right -ftT-comodule algebra, 
and (A coH ) coK = A coH . In [H Cor. 7.3], we have seen the following result, 
based on [191 Remark 1.8]. 

Proposition 2.6. Let H, K and A be as above, and assume that A is a 
faithfully flat H -Galois extension of B. Then A coH is a faithfully flat K- 
Galois extension of B. 

Let i : A coH — > A and j : K ^ H be the inclusion maps. Then we have a 
commutative diagram 

can -77 

^con 

A coH ® fl A coH »» A coH ® if 

can 4 

^1®b-4 ^ A® H 

The map i<8> j is injective (here we use the fact that we work over a field k). 
From the fact that can^ co -y is an isomorphism, it follows that i®B i is also 
injective. For k G K, we then have 

(canA o (i ® B i))(j Ac0 H) = ((« j) o can ylcol? )(7 Aco7r ) = 10 j'(fc), 

hence 

(10) (i ®s i)7 A co^(fc) = 7aC?(*0)« 
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3. COTENSOR PRODUCT OF HOPF-GALOIS EXTENSIONS 

Troughout this Section, we assume that H is cocommutative. A : H — > 
H (8 H is a Hopf algebra map, so we can consider H as a Hopf subalgebra 
of H <8 H. Then H <8 H is a left .ff-module by restriction of scalars. 

Lemma 3.1. H <g> H is faithfully flat as a left H-module. 

Proof. Let H (8 (H) be the vector space H ® H, but with left .ff-action 
h(k <8 I) = hk (g> /. Then H ® H and H (8 (H) are isomorphic as left H- 
modules, and we have the following natural isomorphisms of functors: 

-^(F^ff)^-®/, {H}) = — ® k H, 

an the result follows from the fact that H is faithfully flat as a /c-vector 
space. □ 

In a similar way, we have an isomorphism {H (8 H) (8 if M = H <S> M, for 
every left .ff-module M. In particular, k is a left .ff-module via the counit 
e, so we have an isomorphism 

/ : (H ® H)® H k -> H, f(h®k) = hS{k) 

of if-module coalgebras, with left ff-action on H given by h ■ k = e{h)k. 

Lemma 3.2. Let A and A' be faithfully flat H -Galois extensions of B and 
B' . Then the following statements hold. 

(1) A (g> A' is a faithfully flat H <g> H -Galois extension of B (g> B' . 

(2) (A® A') co7Tm ^ AU H A' . 

(3) (AU H A') coH = B®B'. 

Proof. (1) We first show that (A ® A') co ( H ® H ) = B ® B' . We have a map 

/ : B®B' ^{A® A') co(mH ^ , f(b ®b')=b®b'. 

B®B' = (A®B')n(B®A') and (A®A') co( - H ® H '> are both subspaces of A® A', 
so it suffices to show that / is surjective. Take ^ a,® a- G (A® A') co ( H ® H \ 
Then 

Ho] ® a i[o] ® a i[i] ® = ^ a* <8 a- <8 1 <8 1. 

i i 

Applying e to the fourth tensor factor, we find 

^ a i[0] (8 a- (8 a^j = ^ a, (8 a- (8 1. 

i i 

This means that J2i ai®a' i £B®A'. In a similar way, we find that J2i a i ® 

a', ■ a ir. 

It is easy to show that cbjia®A' is bijective. Finally A (8 A' is faithfully flat 
as a right 5 8> -B'-module: S <8 A' is faithfully flat as a right -B (8 U'-module 
because for every left B ® S'-module M there is a natural isomorphism 
(B (8 A') (8 b®b' M = A' ® B i M. Similarly, A®A'\s faithfully flat as a right 
B (8 A'-module. Then apply the following general property: if / : A — > B 
and g 1 : -B — > C are algebra morphisms, and and C/5 are faithfully 

flat, then C/A is faithfully flat. 
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(2) We can apply Proposition 12.61 with H replaced by H <8> H , K by H and 
A by A ® A'. Note that £\ ai®a^(i0 ^')coi7®i? if and only if 

^«i[o] ®«i[o] ® ^[ll'S'Kti]) = Oi (8) a- (8) 1, 



or 



(8) a- (8) Of[i] = ^ ai (8) a- [0] (g> a-^ , 



which means precisely that ^ a, ® a • S ADhA'. 

(3) We know that AHjjA' is a right .ff-comodule algebra with structure map 
p given by 

(H) ai ® a i) = ai I°] ® a i ® a i[i] = ai a m ® a ^[i] ' 

i i i 

Take x = ^ Oj (8) € {AU H A') coH . It follows from ^TTJ) that x e(B®A')n 
(A ® B') = B ® B'. □ 

Combining these observations with Proposition 12.61 we obtain the following 
result, which is well-known in the situation where B = B' = k. 

Theorem 3.3. Let A and A' be faithfully flat H -Galois extensions of B and 
B' . Then AUjjA' is a faithfully flat H-Galois extension of B (8> B' . 

We want to apply this theorem in the case when A 1 is the opposite algebra 
A op . Since H is cocommutative, A op is a right i?-comodule algebra, with 
coaction p given by 

p(a) = a [0 ] (8) S( a [i])- 

Lemma 3.4. If A is a faithfully flat H-Galois extension of B, then A op is 
a faithfully flat H-Galois extension of B op . 

Proof The map can^op : A op (8> B °p A op — > A op ® H is given by 

can J 4o P (a (8> a') = a| ] a ® ^( a [i]) = (A° p ® 5') ° can^. 

Then can^op is bijective since can^ and S are bijective. We know from 
Theorem [27T] that A G Mb is faithfully flat, and this implies that A op G 
b°p.M is faithfully flat. It then follows from Theorem 12.11 that A op is also a 
faithfully flat ii-Galois extension. □ 

Proposition 3.5. Let A be a faithfully flat H-Galois extension of B. Then 
j$Ue ._ ^□^^|°p i s a faithfully flat H-Galois extension of the enveloping 
algebra B e := B (8> B op . Moreover, the element 

(12) l A n.{h) := J^(k(tyi)) ® r,-(fy 2 ))) ®b®b°p faCtyi)) ® lj{h (2) )) 
belongs to A Qe ® B e A Qe . 

Proof. First observe that can^e : A e <&b s A e — > ^4 e <g> if (8) -ff is given by 

canA(g,A°p((a <8> 6) <8> (a' <8> 6')) = aaj j <8> 6| i6 <8> am (8) S^m)- 
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Recall the notation 7a(^) := Yli k{h) <S>b ft{h). Then we compute that 

can A e fy~^(fyi)) <8> rj(/t( 2 ))) ®Be (rj(/i (1 )) ® Zj(fy 2 )))J 

m 

= X^^ 1 )) 7 ^^ 1 ))! ] Z i( /l (2))[o]^'(^(2)) ® n(^(i))[i] ® S{l 3 {h {2) ) m ) 

i-r-n 

= ^ 1 <g> /j(/i(3))^'(/l( 3 )) ® fyl) 8> S'(S'(/l(2)))^l ® 1 ® AO). 

j 

Let i : ^P e — > A e be the canonical injection. It follows from ()10p that 

(i ®b®b°v i)(,lA n e( h )) = 7A e (A(/t)) 

= X)Gi(fyl)) ® rj(h(2))) ®bc {n{h(i)) ® lj{h{2))), 

and the statement is proved. □ 

4. Cleft extensions and the lifting Theorem 

In this Section, we adapt and review the results from [15], going back to 
older results from graded Clifford theory, see [8]. 

Cleft extensions. 

Proposition 4.1. Let H be a Hopf algebra, A a right H-comodule algebra, 
and B = A coH . We have a category Ca, with two objects 1 and 2, and 
morphisms 

C A (1,1) = Rom{H,B) ; C A (1, 2) = Horn^tf, A); 
C A (2, l)={u:H^A \ p{u{h)) = u{h (2) ) ® S(h (1) ), for all h G H}; 

C A (2,2) = {w: H A\ p(w(h)) = w(h {2) ) <g) S(h (1) )h {3) , for all h G H}. 
The composition of morphisms is given by the convolution product. 

Recall that A is called H-cleft if there exists a convolution invertible t G 
Hom H (H,A), or, equivalently, if 1 and 2 are isomorphic in Ca- Then 
t(l)^ 1 = u(l), and t' = u(l)t G Hom H (H, A) has convolution inverse ut(l), 
and t'(l) = 1. So if A is -fT-cleft, then there exists a convolution invertible 
t G Hom H (i?,A) with = 1. 
If H is cocommutative, then Ca(1> 1) = Ca(2, 2). 

If i G Rom H (H,A) is an algebra map, then t is convolution invertible (with 
convolution inverse t o S), so A is if-cleft. Consider the space 

Qa = {t G Hom^(if, j4) I t is an algebra map}. 

We have the following equivalence relation on Q A '- t\ ~ t 2 if and only if 
there exists b G U(B) such that bt\{h) = t 2 (h)b, for all /i G H. We denote 

= Qa/ ~- 

Take i G Hom^(i/, ^4) with convolution inverse u such that i(l//) = ^A, and 
consider the map 

oj t : H®B^B, u t {h®b) =t{h(i))bu{h(2))- 
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Assume that Q A 7^ 0j and fix to £ with convolution inverse uq. Now 
consider the bijection 

F : C A (1, 1) = Hom(#, B) -> Ca(1, 2) = Hom H (#, A), 

= w * to) = t * uq. It is then easy to show that F(v) G if 

and only if 

(13) = v(/i( 1 ))cj t() (/i(2) ® v(A;)) 

and u(lff) = 1b- If (USD holds, then ■u(Ib) = 1b if and only iff is convolution 
invertible. Moreover, F(v) ~ to if and only if v(h) = ujt Q {h®b)b~ l for some 
invertible b £ B. 

We will now discuss when F~ 1 (Qa) is a subgroup of Hom(H, B). 

Proposition 4.2. Let H be cocommutative, and let A be an H-cleft right 
H-comodule algebra. Assume that B = A coH is commutative. Choose t G 
Hom H (H,A) with convolution inverse u, such that t(l) = 1 and, a fortiori, 
u(1h) = lyi- Then we have the following properties. 

(1) LOt is independent of the choice oft; 

(2) ab = uJt(a\i] ® b)ci[o], /or all a £ A and b £ B. 

If fJ^ 7^ 0, then we have an algebra map t G Hom H (H, A), and then the 
map LOt defines a left /f-module algebra structure on B, and we can consider 
the Sweedler cohomology groups H n (H, B), see [20]. We then denote h-b = 
uJt(h <8> b). 

Proposition 4.3. Assume that VL A / 0. Then Q A = Z 1 (H,B) and Tl a = 
H X {H,B). 

Proof, (sketch) If H is cocommutative and B is commutative, then (|13p is 
equivalent to 

v(hk) = (fyi) • v{k))v(h {2 )), 
which is precisely the condition that v is a Sweedler 1-cocycle. □ 

Proposition 4.4. Now assume that B = k; it is not necessary that H is 
cocommutative. If £l A ^ 0, then VI A = A\g(H, k). 

Proof. In this situation, u)t{h <g> b) = e(h)b, for every choice of t. Then (|13p 
is equivalent to v(hk) = v(h)v(k), and the result follows. □ 

Suppose that A is if-cleft. Pick a convolution invertible t G Hom H (H, A) 
such that t(l) = 1. Then consider 

a: H(g>H^B, a{h® k) = *(/i(i))i(fc(i)Mfy 2 )fc(2))- 

Let B^ a H be equal to B ® F as a vector space, with right ff-coaction 
p = B ® A, and with multiplication 

(b#h)(c#k) = b(h ■ c)cr{h {l) ® fc(i))/»( 2 )fc(2). 

Proposition 4.5. T/ie map : B# a H — > A, <f)(b#h) = bt(h) is an isomor- 
phism of right H-comodule algebras. The inverse of (j) is given by the formula 
</> (a) = O[o]w(am)^to[2]. £ef a G Z 2 (H,B). The following statements are 
equivalent: 

(1) a G B 2 (H, B); 
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(2) there exists an algebra map t' £ Horn (H,A); 

(3) A * B# £ ® £ H. 

The Militaru- Stefan lifting Theorem. Let A be a faithfully flat H- 
Galois extension of B = A coH . a-M h will denote the category of (left-right) 
relative Hopf modules. Let P, Q € &JVi H . A left A- linear map / : P —* Q is 
called rational if there exists a (unique) element /r i <8>/m] £ J 4Hom(P, Q)0H 
such that 

/[0](P) ® /[l] = /0[0])[0] ® S"" 1 ^)/^])!!], 

or, equivalently, 

( 14 ) P(/(P)) = /[o](P[o]) ®P[i]/[i]> 

for all p E P. The subset of ^Hon^P, Q) consisting of rational maps is 
denoted by aHOM(P,Q). This is a right ff-comodule, and a END(P)°p is 
a right -PT-comodule algebra. 

Now take M £ B M. Then A® B M £ A M H , and J5 = A END(A ® B Af) op 
is a right -PT-comodule algebra. From the category equivalence between B A4 
and a-M. h , it follows that 

F := E coH = A End H (A ® B M) op B End(M)°P. 

P can be viewed as a right P-comodule algebra, with trivial coaction p(b) = 
6® 1, for all b £ E>, so we can consider the category of relative Hopf modules 
bM h . If M is a left P-module, then A ® B M and M ® H are objects of 
B M H . T>m will be the full subcategory of B M H , with two objects A® B M 
and M ® H. We then have the following result. 

Theorem 4.6. Let A be a faithfully flat H -Galois extension of B = ^4°°^ 
and M 6 #.M. T/ien i/ie categories Ce and T>m are anti-isomorphic. 

Proof, (sketch) We define a contravariant functor a : Ce — > at the 
objects level in the following obvious way: a(l) = M ® H and a(2) = 
A ® b M . Before we state the definition at the morphisms level, we observe 
that we have two natural isomorphisms 

/5i : BHom(,4% M,M) -> ^Hom^-A ® B M,M®H); 

(3 2 ■ B Hom(M ® Pf, M) -► B End H (M ® H) 
defined as follows: 

Pi((j>)(a <3 B m) = 4>(a[o] ®b m) ® a[i] ; Pi 1 ((f) = (M <g> e) o yj; 

#j(6)(m <g> /i) = 0(m 8) fyi)) 8) fy 2 ) ; /3 2 _1 (#) = ( M ® e) ° 

Consider r/M : M — » (A 8>s M) coH , the unit of the adjunction (P 2 , G2) (see 
Section [2]) evaluated at M. Since P 2 is an equivalence of categories, r)M is 
an isomorphism. We have an isomorphism 

dn : C E (1, 1) = Hom(P, P coi/ ) -» B Hom(M H, M), 

given by the formulas 

5ii(u)(m <S>h) = T]j£(v(h)(l ® B m)); 

«ii (@)(^)( a ®s m) = a ®b ©(m 8 /i). 
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We then define an = /3 2 ° an- The isomorphism 

ai2 : C s (l,l) = Hom H (F, J E) -» B Hom H (M H, A ® B M) 
is given by the formulas 

«i2(i)( m ®h) = t(h)(l tg>B m) ; (a 12 C0)(M)( a ®B m ) = aVK m &> /i)- 
We have an isomorphism 

d 2 i : C B (2,1) -» B Hom( A ® B M,M), 
given by the formulas 

a 2 i(u)(a ®b m) = VM'( u ( a [i.])( a [0] ®b m)); 
(a 2 i(0)(ft,))(a <8>b m) = ^JaZ^/t) 0b 4>( r i(h) ® B m). 

i 

We then define a 2 i = /?i ° a 2 i- Finally, the isomorphism 
a 22 : C E (2,1) sEnd^^^M) 013 
is given by the formulas 

a 22 (w)(a <8>b m) = io(o[ 1 ])(a[ ] <3 B m); 

(a 2 2(K))(/i)(a (8>b m) = ^ ali{K)K{ri{h) ® B m). 

i 

A long computation shows that a 22 is a well-defined isomorphism, and that 
a is a functor. □ 

Recall from [19] that M G B M is called ^-stable if A <g) B M and M <g> i? 
are isomorphic as left B-modules and right -ff-comodules, or, equivalently, 
the two objects of T>m are isomorphic. From Theorem 14.61 we immediately 
deduce the following result. 

Corollary 4.7. M G #.A4 is H -stable if and only if there exists a convolu- 
tion invertible t G Hom H (H, E). 

Assume that M G s.M is iJ-stable. Then there is an isomorphism cp : 
A(g> B M ^ M ® H in B M H . Let ip = tp" 1 , <j) = (M ® e) o (p, t = a^W, 
u = a^x (<£>)■ Then the following assertions are equivalent. 

(1) t(l) = 1; 

(2) u(l) = 1; 

(3) 0(m ® 1) = 1 ®B m > for all m G M; 

(4) 0(1 ® B m) =iti, for all m G M. 

Indeed, the equivalences 1) <J=^ 2) and 3) <^=> 4) are obvious, and 1) 3) 
follows immediately from the definition of «i 2 and a^l ■ 
We have seen (cf. comments following Proposition 14. ip that t' and u' given 
by t'{h) = t{h) o u(l) and u'{h) = t(l) o u{h) are convolution inverses, 
satisfying the additional condition t'(l) = u'(l) = 1. Thus tp' = ai(t') 
satisfies (3), and (/)' = 5 2 (u') satisfies (4). tp' and 4>' can be computed 
explicitly, using the formulas given in the proof of Theorem 14.61 

ip'(m (g> h) = if)((f>(l <8>b m) <g> h) ; 1 0s 0'(a ®b m) = VK'K ®b m) (8) 1). 

-0' and are composition inverses. The proof of the following result is now 
a straightforward exercise. 
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Proposition 4.8. Take (f> £ B Rom(A <g> B M,M), and let u = a^iO/O £ 
C(2,l) and t = uo S~ l £ C(l,2) = Hom H (H,E). Then the following 
statements are equivalent: 

(1) <f> : A® B M — > M, (ft(a<gi B m) = a- mis an associative left A- action 
on M; 

(2) u is an anti-algebra map; 

(3) i is an algebra map. 

Proposition 4.9. Fori = 1,2, ia&e 0, £ BHom(i0BM,M), and consider 
Ui = d^iOi) £ Rom s (H, E) and U = m oS' 1 £ Hom H E). Let M { = M 
as a left B-module, with left A-action defined by (pi. Then Mi = M 2 if and 
only if t\ ~ t 2 . 

Proof. We have that t± ~ t 2 if and only if there exists an invertible map 
/ £ B End(M) £ coi? such that ix(/i) o (A <g> B /) = (A ® B /) o t 2 (h), or, 
equivalently, u±(h) o (A®b f) = {A® B f)ou 2 (h), for all /i £ H. This implies 
that 

1 (g>£ 0i (a Ob /(m)) = ui(a[ 1 ])(a [0 ] ®b / O)) 

= («i(a[ij) o (A(g) B /))(a [0 ] <8>b m) 

= ((^®b /)°«2(a[i]))(fl[o] %m) 

= 1®b f(M a ®B f(m))), 

and 0i (a (8>b f(m)) = f((f)2(a ®b f( m )))> f° r all a £ A and m £ M, which 
means that / : M 2 — > Mi is an isomorphism of left A-modules. 
Conversely, let / : M 2 — > Mi is an isomorphism of left A-modules. Then 
/ : M -> M is left 5-linear, so / £ B End(M). Then we have, for all he H, 
a £ A and m £ M, that 

ui(h)(a ® B f(m)) = ^2 ali(h) ® B <t>i(n(h) ® B f(m)) 

i 

= al i( h ) ®b f(M r i{h) ®b m)) = (A O b f)(u 2 (h)(a ® B m)), 

i 

hence u\(h) o (A ® B /) = {A ® B f) ° u 2 (h), as needed. □ 

As an immediate consequence, we obtain the Militaru-§tefan lifting Theo- 
rem. 

Corollary 4.10. Let A be a faithfully flat H-Galois extension of B = A coH 
and M £ B M . There is a bijective correspondence between the isomorphism 
classes of left A-module structures on M extending the B-module structure 
on M and the elements o/f^B- 

Example 4.11. Let A be an ff-Galois object, that is, A coH = k, and 
M = k. Then E = A End(A) op = A as an iT-comodule algebra, and E coH = 
A coH = k. The map a 2 i '■ Ca(1, 2) and its inverse are given by the formulas 

a 2 i(u)(a) = u(a[i])a [0 ] £ A coH = k; 
&2i(<l>)(h) = Y l li(h)<j>(r i (h)). 
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4> £ A* defines an A-action A <g> k — ► k if and only if <j> is an algebra map. 
It follows from Corollary HJJ)] that n A = A\g(A,k). If Tl A / 0, then it 
follows from Proposition 14.41 that Alg(A,k) = A\g(H,k). The correspon- 
dence goes as follows. Fix 0o G Alg(A,k). (j) £ Alg(A,k) corresponding to 
v G Alg(.£f, A;) is given by the formula 

4>{a) = u(S , (a [1 ]))/i(a[ 2 ])(/)o(ri(a[ 2 ]))a[ ]. 



5. PlCARD GROUPS 

The Picard group of an i^-comodule algebra. Consider a Hopf algebra 
H with bijective antipode and an ff-comodule algebra A. Let Pic^(^4) be 
the category with strict iJ-Morita contexts of the form (A, A, P, Q, a, (3) as 
objects. A morphism between (A, A, Pi, Qi, a%, 0i) and (A, A, Pi^Qii 012,^2) 
consists of a couple (f,g), with f '. P\ —* P2, g '■ Qi —> Q2 -ff-colinear A- 
bimodule isomorphisms such that a\ = Oi2° (f ®b g) and 0i = 02 ° (g <8>a f) ■ 
Note that Pic H (A) has the structure of monoidal category, where the tensor 
product is given by the formula 

(A, A, Pi,Qi,ai,Pi) <g> (A, A, P 2 ,Q 2 , a 3 , /%) = (A, A, Pi ® A P 2 , 

Q2 ®A Qi, olx o (Pi ® A a 2 ®a Qi),(3 2 o (Q a ®a 0i ®a Pi))- 

The unit object is (A, A, A, A, A, A). Every object (A,A,P x ,Qi,ai,0i) of 
Pic H (A) has an inverse, namely (A, A, Qi, Pi, fii, at,\). 

Up to isomorphism, a strict .ff-Morita context is completely determined 
by one of its underlying bimodules; therefore, we use the shorter notation 
P_i = (A,A,Pi,Qi,ai,0i). Pic H (A) = KnPic H (A), the set of isomorphism 
classes in Pic (A), is a group under the operation induced by the tensor 
product, and is called the //-Picard group of A. If H = k, and B is a 
A-algebra, then Pic fc (S) = Pic(.B) is the classical Picard group of B. 

The D-Picard group of B. Let M,N G A u e M. In [6], it is shown that 
M ®b N £ A n e A4. We will need an explicit formula for the A -action on 
M ®b N , given in Proposition 15.11 below. 

In the proof [61 Theorem 2.4], it is shown that we have an isomorphism 

atN : A ®b N — » A e (£> A ne N, 0:^(0 (g>£ n) = (a <g> 1) <S> A n e n. 
We claim that the inverse a^ 1 of a at is given by the formula 

aitf-((d <g> e) ® A n e n) = ^ dk(S (e^)) ® B (n(S(e[i])) ® e [0 ]) • n. 

i 

It follows from Lemma [6. 41 that a^ 1 is well-defined. Using the property that 
JaO-h) = 1a ®b 1a, we find that 

(a^ 1 o aAr)(a (g) B n) = a^ 1 ((a (g> 1) ® A a e n) = a (g> B n. 
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We also compute that 

(a/v ° a^ r 1 )(((i <8 e) <g> A n e n) 

= gjyfy^d^(g(e[ii)) (8b (ri(5(e[!])) e [0 ]) • n 

i 

= 5^(dZ i ( 1 S , (e [1 ])) 8) 1) <8 A n e (r i (5(e [1 ])) <8 e [0] ) • n 

i 

= dZi(S r (e[i]))ri(iS r (e[i])) (g) epj) ® A n e n = (d®e) <8 A ne n. 

i 

Using «7V! the left A e -action on A e ® A n e N can be transported to a left 
A e -action on A 0b N: 

(d (8 e)(a (g>B n) = a^ 1 ((d (8) e)ajv(a ®B w)) 

= a^ r 1 ((da <8 e) (g> A n e n) = 'S^dali(S(e^\)) ®b (rj(5(e[i])) 8) e[ ]) • n. 

i 

If M, JV G ^M, then ,4 e (g> ADe M, A e (g> ADe iV G a-Ma , hence 

(.4 e ® A u* M) ® A (A e ® A n e N) ^ (A® B M) ® A (A(g> B N) ^ A(g) B M ® B N 

in the category a-M a . On (A®b M)®a(A®b N), the ^4-bimodule structure 
(or left j4 e -module structure) is given by the formula 

(d <8 e) • ((a &>_b m) 0a (a' 0b ")) 

= (d <8 1) • (a (8b m) ®a (a <8 e) • (a' (£>b «■) 
= ^(da <8b m) 0a (a'li(S(e[x])) ® B [n(S(e[x])) (8 e [0 ]) • n 

i 

We transport this left ^-module structure to AggM^iV: 

(d <8 e) • (a (8b m <8b w) 

= ^(1 (8 ^(Sfepj))) • (da (£>b m) (£>b (r^S^u)) (8) e [0 ]) • n 

®B(rj(s(k(S(e [ x ] ))[x])j ® r i (5(e [1] )) [0] ) • m 

®Bm(5(e[i])) (8 e[ ]J • n 

® ^<ZaZj(5(e[i])) ®b (^(^[x])) (8 k{S(e [2 ]))) -m 
hi 

®B(ri(S(e[ 2 ]) <8 e [0 ]) • n. 
Now take (8> a' fc G A^ e . Using the above formula, we compute that 

k i,j,k 

®B[rj(S(a' k[1] ))®U(S(a' k[2] ))) -m® B {n{S{d k[2] )) <g> a' k[0] ) -n 
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= J^Ofc[o]^(^(ofc[l]))®B {rj(S(a k[1] )) ®li(S(a k[2] ))) ■ m 

i,j,k 

®B{ri(S(a k [2]))<8>a' k ) -n 
= 1®B (o fc [o] ® k(a k [i])) • m ® B (n(a,k[i]) ® a 'k) ' n 

The map 

M ® B N -> (A ® B M <g> B N) coH , m® B n\-> 1® B m®B n 

is an isomorphism. Hence the left A^-action on >1 ® # M (g> # ./V restricts to 
an action on (^4 ®_b M ® B N) coH , and defines an action onM0s f. We 
can summarize this as follows. 

Proposition 5.1. Let M,N G A n e M. Then we have the following action 
on M® B N: 

(15) (^2 a k &> a'k) • ( ra ®b n ) = ( a k[o\ ® k{a k [i])) ■ m (g> B (n(«ifc[i]) ® a*.) ■ n. 

Now let Pic H (B) be the category with strict D^-Morita contexts of the 
form (B, B, M, N, 7, 6) as objects. A morphism between the □j^-Morita 
contexts (B, B, Mi, N±, 71, Si) and (B, B, Mi, N%, 72, S2) consists of a couple 
(/, g) with / : Mi — > M2 and 5 : iVi — > ./V2 left A -module isomorphisms 
such that 71 = 72 o (/ ® B g) and <5i = 82 o (g ® B /). 

It follows from Proposition 15 . 1 1 that Pic ^ H (B) is a monoidal category, with 
tensor product induced by the tensor product over B, and unit object 
(B, B, B, B, B, B). Every object in Pic ^ H (B) has an inverse, and we call 
KnPic aH (B) = Pic nH (B) the D^-Picard group of B. From Theorem [231 
and the construction preceding Proposition 15. 1\ it follows that Pic H (A) and 
Pic H (B) are equivalent monoidal categories, so we conclude that Pic H (A) = 
Pic Dff (B). 

6. THE i7-STABLE PART OF THE PlCARD GROUP 

Throughout this Section, we assume that H is cocommutative. Now let A 
be a right .ff-Galois extension of B. Our next aim is to introduce the H- 
invariant subgroup Pic(B) H of Pic(S); roughly spoken, an object of Pic(-B) 
represents an element of Pic{B) H if its connecting modules M and N are 
//-stable. First we need to fix some technical details. 

We consider the category b-Mb- ^ s objects are -B-bimodules and right H- 
comodules M, such that the right iZ-coaction p is left and right 5-linear, 
that is, p(bmb') = bmm\b'<S>rn\i], for all b,b' £ B and m £ M. The morphisms 
are the iZ-colinear £>-bimodule maps. For M,N £ B M%, we consider the 
generalized cotensor product 

M® I B I N = {J^TTii ® B rii £ M ® B N \ 
i 

^2 m»[o] ®B n» &> rriiii] = ^ m, ® B n i[0] n^}. 

i i 
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Then M ®g N is an object of b-^B' with right .ff-coaction 

p(^2 m i ® m) = ^2 m i[0] ® B rii <8 m i[V[ =^mj0 B n i[0] <8 rc^]. 

j j i 

We have a functor — ® H : bMb — ► bM-b- For M G bMb, the structure 
on M <8 is given by the formulas 

p(m ®h) = m® A(/i), 6(m 8> /i)6' = bmb' <8 /i. 

In particular, B ® H £ bM.%. The functor — ® H is monoidal in the sense 
of our next Lemma. 

Lemma 6.1. For M,M' € b-Mb, we have a natural isomorphism 
(M <8 H) <8f (M' <g> H) = (M <8 b M') <8 H 

in bM%. 

Proof. It is easy to see that the map 

k : (M ® B M') ® H ^ (M ® H) 0% (M 1 fl"), 

m (8b m' <8 /j i-> (m <8 fyi)) (8b (V (8 /i(2)) 

is well-defined and right .ff-colinear. We claim that /c is bijective, with 
inverse given by the formula 

(8 /ij) <8b (m-j <8 foj)) = ^ mj (8 m'j (8 hjs(h'j). 
j j 

It is clear that k" 1 o k = M <8b M' <g> H. If 

x := ^(mj (8 /ij) (8s (m'j (8 /^) e (M ® H) ®g (M' (8 #), 
i 

then 

y](mj (8 ^j(i)) <8>b (m^ (8 /tj) <8 /ij(2) = ® foj) <8b (m^ (8 ^-(i)) <8 ^(2)- 

i 3 
Applying e to the third tensor factor, we find 

(k o = y~^(mj (8 (8s (m^ (8 e(h'j)hj^) = x, 

3 

hence the claim is verified. □ 
Lemma 6.2. For all P G bMb> we have that 

P (8^ (B <g> H) = (B <g> H) <8b P = P 

in bM%. 

Proof. We have a well-defined morphism 

q: P^>P®%(B®H), a(p)=p [0] ® B (l®P[i]) 
in B-Mf. The inverse of a is given by the formula 

a~ 1 (^2p i (8b (h (8 = ^pAe(/i;). 

i i 



H-PICARD GROUPS 17 
It is clear that a^ 1 o a = P. If Y,iPi ®B (h <3 hi) £ P (g)f (B H), then 

i i 
Then we find 

(a°a 4 )£?i ®B (h <8> = ^2pi[o]bie(hi) <S>b Pi[i] 

i i 

= ^Pikeihifi)) ®b (1 ® ^j(2)) = ® B ( &i ® hj ^>- 

i i 

□ 

Observe that A Ue = AU H A op G B e -A4f e , with left and right 5 e -action given 
by the formula 

(b®b')(^2ai ®a-)(c® c') = ^ fea^c c'a-fr'- 

i i 

Hence we have a second functor 

A De ® B e -: B M B ^ bM 1 ^. 

Take Me B M B - A Ue ® B - M is a left f? e -module, and, a fortiori, a B- 
bimodule. The right #-coaction on A^ e ®B e M is given by the formula 

= (Yl ak ® a M0]) ®b- m ® a' fc[1] . 
k 

Our next aim is to show that the functor A° e <^B e — is also monoidal. Before 
we can show this, we need a few technical Lemmas. Let M £ bMb- Then 
A op (g)_B M G b-M^, with the right If-coaction induced by the coaction on 
A°p. 

Lemma 6.3. Suppose that M G b Mb is flat as a left B-module. Then the 
map 

f : A Ue ® B M -> An H (A op ® B M), ^(a fe <g>4)<g> s m ^ ^ a fc <g>(4<g> B m) 

k k 
is an isomorphism. In a similar way, if M is flat as a right B-module, then 

M ® B A De (M ® B A)n H A op . 

Proof. Consider the commutative diagram 

*■ i De B M >- A e ® B M I A e ® B M®H 

f 

>■ A\3 h (A°p ® B M) >- A (g) ^4 op <S>b M T A e ® B M®H 

The top row is exact because M is left £?-flat, and because of the definition 
of the generalized cotensor product. The exactness of the bottom row also 
follows from the definition of the generalized cotensor product. It follows 
from the Five Lemma that / is an isomorphism. □ 
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Lemma 6.4. For all a € A, the element 

x := 5^(£( a [i])) ®B ri(S(a {1] )) <8 a [0] ei® B A De . 

i 

Proof. By Lemma l6.3l it suffices to show that x £ (A<^b A)\DhA° p . Indeed, 
^2 h ( s ( a [i] )) ®B n (S(a[i] )) [o] <8> O[ ] <8> n (5 (apj ) ) [ij 

i 

= ^^(5(o[ 2 ])) 0s rj(5(a [2 ])) <g> a [0] ® ^(a^). 

i 

□ 

Lemma 6.5. IfYlk a k ® 4 ^ j then the element 
x = ^a m ®li{a k[1] )® B ri(a m )®a' k 

i,k 

= £ a* ® kOSKli])) ®^ ^(^("fcH])) ® 4[o] G A ° e ®b A ne . 

i,k 

Proof. It follows from Proposition 13.51 that A^ e is flat as a left 5 e -module. 
Since B e is flat as a left i?-module, we have that A Ue is flat as a left B- 
module. We have shown in Lemma 16.41 that x £ A e <S)b A^ e . Now 

^2 a k[o] ® ^(a&[2]) ®B ^(a &[2] ) ® 4 (8) a fe [i] 

® 5Z afc [°l ® ^( a fc[i])[o] ®B r i( a k[i]) ® 4 <8> 5(Zi(a fc [!] )[i]), 

so x € AnH(^ op (8) B A Ue ) = A Ue ® B A De , by Lemma E3J It then follows 
immediately that x G A Ue <S>^ A Ue . □ 

Lemma 6.6. We have an isomorphism of vector spaces f : A Ue ®B -> 
A^ e ®^ A^ e , given by the formula 

fC^a k (g> a k ® b) = ^2a k[0] bli(a k[1] ) ® B nOfc[i]) ® 4- 

k i,k 

Proof. It follows from Lemma 16.51 that / is well-defined. The inverse of / is 
defined as follows. For y = a k ® a' k ®b 4 ® a' k £ A Ue (g)f A° e , we let 

k 

Let us show that f~ l is well-defined. First we show that f~ 1 (y) £ A e ® B. 
Since y £ A Ue (g>|[ ^ De , we have that 

a k ® 4" ® 4[0]4[0] ® 4[i]4[i] 

= ^ a fc ® 4" (8 44[o] ® s ( a k[2]) a k[i] 

k 

= ^2 a k ® 4' ® 44 ® i- 
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For any vector space V, we have that (V (8> A) coH = V®B (B is flat over 

k), so the above computation shows that f~ 1 (y) £ A e <£i B. 

Let us next show that f~ 1 (y) G A^ e ® £?: since y G A De (g)^ A De , we have 

that 

X] °fc[o] ® a k ®b a fc ® «k ® «fc[i] = X] ° fc a fe ® B a fc °Mo] 5 (°55i])' 
hence 

o fc [ ] ® Ofc (8) oJ.Ofc <8> o fc[ i] = a fc ® Ofc[ ] <8> 44' <g> 



k k 

e-1 



Let us finally verify that / and / are inverses. 
if' 1 ° f)(J2 ak ® ® 6 ) = / -1 Q^ o *[0] W *( a fc[i]) ® B r i(°fc[i]) ® a 'k) 

k i,k 

= ^2 a M°] ® W i( a fc[l]) r i(°fc[l]) = Yl ak ® a 'k ® b > 

i,k k 

k k 

= a M°l ® a fe a ^i( a fc[i]) ®s ri(o fc [i]) (g> a'k 

i.k 

= ^2a k ® a' k a'l [0] h (a'l {1] ) ® B n {a'i [V[ ) ® a™ 



i,k 

= 2_^ a k® a k®B a k ® a k . 
k 



□ 



Take M, M' G b-M b an d consider the composition g = (id <8> can 1 <g> id) 
(/OA <g> id): 

A e ® B e (M ® B M') ^ A® B M ® B B ® B M' ® B A 

— ► A® B M (g) B A® B A® B M' ® B A 
^ A e ® B e M® B A e ® B e M' . 

We compute that 

g(^2 a k ® Ofc ®B e ( m ®B 
k 

= Y( a k[o] &> ii(afe[i])) ®£ e m 0b (j"t(a fc [!]) a' k ) ® B * m'. 

It follows from Lemma 16.61 that g restricts to a map 

g : A Ue ® B -{M®B M') (^ De ® B e M) ®g (A De M'). 
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It is obvious that g G b-^b-, and that g is bijective with inverse 
(16) 5 _1 (5J(°fe ® °4) ®s e m ®b (o'fc <8> a&') ®b c ti') 

= ^(afc <g> ajjf) i8>Be (ma' k a'l ®B e rn') 
k 

= ^J(afc (8) a'l') ®b e {rn ®B e a'k a 'k m ')- 

k 

As a conclusion, we obtain the following Lemma. 

Lemma 6.7. For M,M' G b-M-b, we have an isomorphism 

g : A Ue (M (8>b M') — > (A De ® Be M) ®f (A De ® Be M'). 

Remark 6.8. It follows from Lemmas 16.11 and 16.71 that, for M, M' , M" G 
b-Mb, we have isomorphisms 

((M ® //) 8)f (M' ® //)) <g.f (M" ® //) 

(M®H) <g>g ((M' &> //) <g>g (M" ® //)) , 
((A De ® Be M) ®f (A De ® Be M')) ®f (A De M") 

^ (A De » B e M) ®f ((A De ® Be M') ®f (A De ® Be M'O) 

in sA^f that are natural in M,M',M" '. 

We now consider the notion of //-stability, as introduced before Corol- 
lary [T7J but with B replaced by B e and A by A^ e . The (-B, /?)-bimodule 
M is //-stable if there exists an isomorphism 



ip M : A Ue ® B e M -»■ M <g> // 



in the category ^.M^. 



Proposition 6.9. If M,M' G bA4b are H -stable, then M ®b M' is also 
H -stable. 

Proof. We define fM® B M' by the commutativity of the following diagram: 
(17) A De ®B-{M® B M') 9 -^ {A Ue ®b- M) ®f (A De ® B « A/') 

M® B M'®H (M <g> //) (8)f (M ' //) 

□ 

Suppose that M,M' G b-M-b are //-stable, and let V'A/ = <P~m , ipM' = <Pm'' 
tM = a^i^M), t M ' = Q^C^M')- For later use > we compute t M ® B M' = 
a l2 (^m^bM') m terms of tM and tM 1 - To this end, we first introduce the 
following Sweedler-type notation for the map tM'- 

tM(h)(l A ne <3bc rn) = (m(h) + (g) m(h)~) ® B e m(h)°. 



H-PICARD GROUPS 



21 



Summation is implicitly understood. Using the definition of «i2 and the 
commutativity of (fT7|) . we compute 



tM® B M>(h)(l A nc ®bc (m <3b m')) = 4>M® B M>(m <3b m' <8 h) 
= (g^ 1 o (ip M ®§ ijj M ,) o k)(rn ®b m <S> h) 
= {g~ l {i>M ®b i>M')) ((jn <8> <8s (m' fy 2) )) 
= g^ 1 (t(h(i-))(l A ne ®b? m) <3b t(h^))(l A n c <S>b b rn 1 )) 
= g- 1 (((m(/i (1) ) + (8) m(fyi)) ) 

(8b ((m'(/i( 2 )) + m'{h( 2 ))~) ®b« m'(/i(2)) )) 

= (m(/i (1 )) + m'(/i( 2 ))~) <8>B e ("i(^(i))°"T-(^(i)) _ "T-'(^(2)) + ®B ^-'(^(l)) ) 
= (m(/i (1 )) + m'(/i( 2 ))~) <8b 6 (w(/t(i))° (8b m(/i( 1 )) _ m / (/i(2)) + m / (/i( 1 ))°). 
We will need a slight improvement of this formula. For b £ B, we have 
tM(h)(l A n c <8>Be m6) = ijvf(/i)((l (8) 6) <8b 6 m) 

= (1 (^(l^ne ®b<= rn) = (m(h) + (8 m{h)~b) <8b* m(h)°, 

hence 

(18) tM<g) S A'/'( /l )( 1 A nc {mb® B m')) = (m(/i (1) ) + (8 m'(/t( 2 ))~) 
®B^{rn{h i i)fm(h(^ybm'(h {2 )) + (8b m'(h^) ). 

We have that 5 is a left A -module, with action (j>B({Ylk a k ® a fc) ®B e b) = 
Y2k a kba' k . The corresponding map ifs = Pi(</>b) '■ ®B e B — ► B (8 i? is 
given by 

Vs((X) ait a *=) ® fie ft ) = J }Z a k[o]ba' k 8) a fc[ i] = ^a fc 6a' fe[0] (8 5(o fc [i]). 

It follows from Corollary 14.71 and Proposition 14.81 that <p B is an isomorphism 
in B M%. 

Now take M = (B,B,M,N,a,/3) £ Pic(B). We call M iT-stable if there 
exist isomorphisms 

<p M ■ A Ue ® B e M M (8 # and ^ : A De <S>B e N ^ N <S> H 



such that the following diagrams commute: 



(19) 



A Ue (M ®b iV)' 
M ® B N ® H 



B eOt 



B®H 



(20) 



^ De ®B* (iV (8_B Af) 

N ® B M®H 



A De <g) s e/3 



B e B 
B®H 
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Theorem 6.10. Let H be a cocommutative Hopf algebra, and let A be a 
faithfully flat Hopf- Galois extension of A coH = B. Then 

V\c{B) H = {[M]G Pic(.B) | M is ^-stable} 

is a subgroup ofPic(B), called the H -stable part ofPic(B). 

Proof. Assume that M x and M 2 are instable. It follows from Proposi- 
tion l6.9l that Mi®bM2 and N2<S>b^i are .ff-stable. A commutative diagram 
argument taking Remark 16.81 into account shows that the diagrams (|19H2Q|) . 
with M replaced by Mi <g>£ M2 and N by N2 ® b Ni , commute. This implies 
that M_i ®b M_2 1S -H-stable. Finally, if M_ is iT-stable, then it is clear from 
the definition that MT X = (B, B, N, M, (3, a) is also H-stable. □ 

7. A Hopf algebra version of the Beattie-del Rio 

EXACT SEQUENCE 

As in the previous Section, let H be a cocommutative Hopf algebra, and 
A a faithfully flat fl-Galois extension of B. Take M £ 2±g(B) H . Then we 
have an isomorphism (p : A^ e ®B e M — > M ® H in bM^. We have that 
£ = ADe END(A De ® se M)°p is an .ff-comodule algebra. 

Lemma 7.1. E coH ^ Z(B). 

Proof. We first observe that 

E coH = ADe End^(^ De ®B e M) = B^nd(M) = B End B (M). 

The second isomorphism is due to the fact that A^ e (^B e — '■ B e M — » A n e M H 
is a category equivalence, by Theorem 12.11 and Proposition 13.51 Since M_ is 
a strict Morita context, we have that — ®b M is an autoequivalence of 
■Mb- ~ ®B M and its adjoint send I?-bimodules to -B-bimodules, so — ®b 
M also defines an autoequivalence of bMb- Consequently sEnds(M) = 
B End B (B) 9* Z(B). □ 

For later use, we give an explicit description of the isomorphism 

A : Z(B) -» E coH = j4De End i/ (^ De ® B « M), x ^ X x : 

(21) A x (^(a fc <g> a' k ) ®b^ rn) = ^(a^ <£> a' k ) (g^ xm. 

k k 

We have seen in Theorem 14.61 that there are isomorphisms 

ai2 : Rom H (H,E) -» B Homf (M if, ^ De ® B e M), 

a 2 i : C(2,l) ^ B Homf (^ De ® B e M,M®H). 
Using Proposition 13.51 we compute u = a^lif) and t = QtT^fy -1 ): 

(22) t(/i)(^(a fc (8) 4) (8) B e m) = ^(afc <8> 4)<^ _1 (m <g> /i); 

it it 

(23) MW(^(«fc®fli)®B«m) =5Z( a Jfc^(^(i)) ® r i(^(2))°fe) 

<8>B^((ri(/t(i)) 8> lj(h(2))) 8>b= m). 
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Since E coH = Z(B) is commutative, we can apply Proposition 14.21 and we 
find that Z{B) is a left i?-module algebra. We will show in Proposition 17.31 
that the left if-action on Z(B) is independent of the choice of M G Pic (B) H , 
and is given by the Miyashita-Ulbrich action (|8|). 

Lemma 7.2. For x G Z{B), m G M and h G H , we have that 

(24) X x {ip~ l (m (g> h)) = V3 _1 ((/i(2) • x)m (8 /i (1) ). 
Proof. Write 

(25) tp~ l {m <8 h) = ^2{s k <8 4) ®B e m fc G A ° e ®B e M - 

Since ip -1 is right if-colinear, we have that 

(26) <p -1 (m <8 /i (1) ) ® h( 2 ) = /^{sklo} ® 4) ®s e m fc ® Sfcpj- 

Then we compute 

ip~ 1 (xm (8 h) = xtp (m (g) /i) 

^ ^(xs fc (8) 4) ®B e Wfc®^(s fc[0 ](5(s fc [i]) • x) (8 4) ®B e m fc 

= X^ s Mo] ® s fe) ® Be i s i s k[x\) ■ x ) m k = ^sih^yxiv' 1 ^® h (i))- 

k 

and it follows that 

^ 1 ((/i(2) • x)m (8 /l (1) ) = XsQh^y (ft (3) -a;) 1 ("t ® V))) = ® /»))• 

□ 

Proposition 7.3. Assume that M_ G Pic (-B) is H -stable. The corresponding 
left H-action on E coH is given by the formula h»X x = Xh- X , for all x G Z(B). 
This means that the transported action on Z(B) is the Miyashita-Ulbrich 
action given by dU). 

Proof. Take x G Z(-B) and the corresponding G E coH . The action of 
/i G -ff on A x is given by (see Proposition I4.2p 



h • X x = 1i(/l(i)) o X x o t(/l( 2 )), 

and we have 

= (/i • A a .)(^(q fc <g> 4) ®Be m)) 



o 



(u(h (1) ) o X x )(^2{a k (8) 4)v? ^(/i^) -x)m(8/t(2))) 
= ^(fyi))^^® ^^ 1 ^^ 3 ) •^)^« )/i (2)))- 

A; 

Now write 

(27) P -1 ((fy2) • a;) 77 '- ® fyi)) = y^( s Q ® s 'g) m q . 
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Since is right ii-colinear, we have that 

^ -1 ((^(3) • x ) m ® h(2)) <8> h(i) = 5^(s g [o] ® 4) ® se m e ® s </[i]> 

hence 

o = ^( s 3 [i])(X)( a&s 9[°] ® Be m< ?) 

Using (|BII2j> . we find 

= ^ l A n e ®b= (s q <8> Sg) G -B e ® Be A De . 
Since ^> is left i? e -linear, we find 

o = ^2 ( ak ® a '^> ® Be 

i,j,k,q 

= ^J(afc (8) a' fc ) <8>b« <8> s g ) <8>se m g ) 

fc,q 

= ® a ' fc ) ® Be <8> e) ° ° </j _1 )((/i( 2 ) • x)m ® /i(i)) 

fc,q A; 

This shows that h» \ x = A/j. x , for all x E Z(B). □ 

It follows from the discussion in Section [5] that the functor Pic ^ H (B) — ► 
Pic (ij) restricting the A ae -module structure on the connecting bimodules 
to the i3-bimodule structure is strongly monoidal. This implies that we have 
a group homomorphism 

g 2 : Pic Dff (5) -> Pic(B). 

Proposition 7.4. T/ie groups Ker(g2) and H 1 (H , Z (B)) are isomorphic. 

Proof. Take [M] = [(B, B, M, N, a, f3)\ G Ker( 52 ). Then M and iV are 
isomorphic to B as 5-bimodules. M_ is described completely once we know 
the left A^-module structure on M = B, by Theorem [23] (2). Isomorphism 
classes of left A -module structures on B are in bijective correspondence 
to the elements of Og, cf. Corollary I4.1U1 It follows from Proposition 14.31 
that Q,e — ^(H, Z(B)), hence we have a bijection between H 1 (H,Z(B)) 
and Ker (52)) and an injection 

91 : H\H,Z{B))^Vxc U »{B). 

We will now describe this injection explicitly, and show that it preserves 
multiplication. 
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Let (j>Q be the left A -action on B corresponding to the trivial element in 
Pic nH {B): 



{/X a k ® a' k ) B e b) = } y a k bal k . 



Let no = &21 ' 3e the corresponding element in Ce(2, 1). Using the formulas 
in the proof of Theorem 14.61 we obtain that 



u o( h )(^2( a k ® a'k) b) = ^2{a k k(h w ) rj(h( 2 ))a' k ) 0^ r^h^bl^h^yj- 

k iijfe 



Let a 6 Z l (H, Z(B)), and take G(a) = t = a*to G O^; (see Proposition 14 . 3p , 
Thent(/i) = io(fyi))°a(/i(2)), andu(/i) = t(S(h)) = Uo(h(i\)oa(S(h(2)))- We 
compute a = a2i(w), using the formulas given in the proof of Theorem l4.6l 



1 4> a (^2{ak &> a! k ) ® B * b) 

k 

= X) n ( a Mi])(( a fc[o] ® a 'k) ®b* b) 
k 

= X) u °( a Mi])((°M0] ® 4) ®s e a ( 5 ( fl fc[2])) fc ) 

= ^(afc[o]^(afe[i]) ® ^(«fe[2])4) n(ajfc[i])a('S , (afe[3]))Wi(afe[2]) 

= X] 1 A De ® Be a fc[0]^( a fe[l]) r *( a fc[l])«( 5 ( a fc[3])) M i(«fe[2])^'(afc[2])4 

= X] 1 A De 8)56 fl *[ol a ( 5 (°Mi]))K 
This means that 51(a) is represented by B, with left ^^-action given by 



( 28 ) /^2( a k ® 4) •« 6 = (Aa(^(afe &> 4) 8)5= 6) = a fc [ ]a(5(a fc[ i]))6a' fc . 

fc A; 



k 



(3) 



(5) 
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Let G Z l {H,Z{B)) be another cocycle. Then gi{a) ®b9i{P) = B® B B = 
B (B, £>)-bimodule, with left A^-action 

Y^(ak 8> a' k ) ■ b J^(a fc ® 4) • (1 ® fl 6) 

^(ojfc[o] 8) ii(a fe [i])) - Q 1 ®s (n(afc[i]) a' fc ) b 

i , k 

^2a k [ 0] a(S(a k[1] ))li(a k [ 2 ]) ®b n{ak[2])[Q}K S {n{ak[2})[l}))ba' k 

i.k 

^2a k [ 0] a(S(a k[1] ))li(a k [2]) ®b ri(a k[2 ])(3(S(a k [ 3] ))ba' k 

i.k 

^2 a k[o]a(S (o fc [ij (a fc[2 ] )r, (a fc[2 ] (a fc[3] ) )6a' fc 

^ a fe[0 ] a(S (o fc [ij ))/3(5 (a fc[2 ] ))6a' fc 
fc 

= 5Z afe [°]( a * / 5 )(^( a k[i])) ba fc 
fc 

k 

This shows that 51(a) (8>s = g\{a*f3), that is, 51 is a group monomor- 
phism. □ 

Let M_ G Pic (.B) be instable. Then there exists an isomorphism 

M ®H -> A Ue ® B « M 

in bjV(^ such that ^»(m®l) = l^pe^Bem, for all m G M (see the arguments 
given after Corollary 14. 7p . Then t := aT/ 1 ^) G ~H.om H (H , E) is convolution 
invertible and satisfies the condition t(l) = 1. In Proposition 14.51 we con- 
structed a cocycle a G Z 2 (#, Z(B)). Now let g 3 ([M]) = [a] G H 2 (H, Z{B)). 
This defines a map 

g 3 : Pic(£) H ^F 2 (F,Z(£)). 

It follows from Proposition 14.51 that g 3 ( [M] ) = 1 if and only if there exists 
an algebra map t' G Hom H (H, E). By Proposition 14.81 this is equivalent to 
the existence of an associative left A -action (j) : AP e <g>B e M — ► M, which 
is equivalent to [ M ] G Im^)- We conclude that Im^) = Ker(g r 3). Our 
observations can be summarized as follows. 

Theorem 7.5. Let H be a cocommutative Hopf algebra over a field k, and 
A a faithfully flat Hopf- Galois extension of B = A coH . Then we have an 
exact sequence 

1 -► H\H, Z{B)) ^ Pic Dff {B) Pic" (A) ^ Pic{B) H ^ H 2 {H, Z(B)). 

Observe that Pic^ H (B) = Pic^(-A) and Pic(-B)^ are non-abelian groups. 
The category of groups is not an abelian category, so it makes no sense to talk 
about exact sequences of groups. In the statement in Theorem l7.5l exactness 
means that g\ is an injective map, and that Im(gj) = {x \ gi + i(x) = 1}, 
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for i = 1,2. The maps g\ and <?2 are group homomorphisms. An example 
given in [3] shows that 53 is not a group homomorphism in general, even in 
the case of group graded algebras. We will discuss in Section [8] the property 
satisfied by 03. 

8. 53 IS A 1-COCYCLE 

We recall from pU that Pic(S) acts on Z(B) as follows. For [M] G Pic(B), 
we have a map £m : Z(B) —* Z(-B) characterized by the property 

(29) £,m(x) = y "4=>- rax = ym, for all m G M. 

It is easy to show that £,hi{xy) = £,M{x)£,M(y)- We will show that this action 
defines an action of V\c{B) H on H n (H,Z(B)), so that we can consider the 
group of cocycles Z' 1 (Pic(-B)^, H 2 (H, Z(B))). We will then show that 53 is 
such a 1-cocycle. 

Our first aim is to show that the action Pic(B) H on Z{B) commutes with 
the action of H on Z(B). First, we need some Lemmas. 

Lemma 8.1. Take [M] G Pic(B) H . For all x G Z(B), m G M and £V a% <g> 

a\ G A^ e , we have that 

(30) ( } j ai <g> a-x) ®B e m = ( ) j ^m(^)«i &> «i) ®B e m 

i i 

in A Ue ® B eM. 

Proof. This follows immediately from the fact that mx <S> h = ^M(x)m (g) h 
in M ® H, for all m G M, x G Z(-B) and h £ H, and the fact that we a 
(B, .B)-bimodule isomorphism ip M ■ M ®H — ► A Ue B e M. □ 

Lemma 8.2. The map 

I: A De ® B e B -> A®b A op , (^ai <8ia-) 6 i-> ^0,6(8)5 a- 

is an isomorphism. 

Proof. Observe first that ^4 l ~' e !S l £e£> and yl(8)^yl op are objects of the category 
A n e A4 H . It follows from Theorem 1 2 . 1 1 and Proposition 13.51 that it suffices to 
show that 

(A 8)f A op ) coH ^B^ (A Ue B) coH . 

Take 

]T a i ®B a'i G (A <g>g A op ) co ^ C A ®f A op . 

i 

Then 

X! a i[o] ®B a i ® a i[i] = /^2( a ib ®b a'^ (g> 1. 

i i 

From the fact that A G #.M is faithfully flat, we deduce that Yli a i ®s £ 
A coH ® B A = B ® B A, hence 

i i 

Since ]T\ aj (8>b a$ £ ^4 <8>|} ^° p > we a ^ so nave that 

1 <3b a[o] 8> <? («[!]) = 1 ®b a® 1. 
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Apply pa to the second tensor factor (pa is left 5-linear) , and then multiply 
the second and third tensor factor. This gives 1 <8>b ap] <8> am = 1®b«®b1, 
and it follows that a £ B. This shows that the map 

/ : B - [A ®f ^°P)^, f(b) = 1 ®b 6 

is an isomorphism. □ 

Lemma E2] tells us that the map A^ e — > A®^ A op induced by the canonical 
surjection A e — > A ® B A op is surjective. 

Proposition 8.3. Let M_ = (B, B, M, N,a, j3) represent an H -stable ele- 
ment of Pic(-B) . Then 

£ M {h -x) = h ■ (£m(x)), 
for all h £ H and x £ Z(B). 

Proof. For Y^ k a k ® a' k £ A^ e , x £ Z(B) and m £ M, we compute that 
{^2^M(x)a k ® a' k ) ® B e m ^ C^a k ® a' k x) ® B em 



(9) 



?e m 



C^2a k ® (a' k[1] ■ x)a' m ) ® B e 

k 

a k ® a 'k[o]) rn(a' m ■ x) 

k 

(^2 a-k ® 4[o]) ®s e &tfK[i] • x ) m 
k 

C^a k i M {a' k[1] ■ x) ® a' m ) ® B e m 
k 

C°fc[l] ■ " X ) a fc[0] ® a fc[0]) ®£ e 

fe 

= (5Z afc W ' ^( 5 '( a fc[2]) " x ) a fc[0] ® 4) ®B e m - 

Now take an arbitrary n £ N. Applying Lemma 16.51 we find 



(9) 



?e m 



i.k 



^([^M(x)a k [ ] ® h(a k[1] ))® B ernj ®B ® a' k )® B en 

"/Z({( a k[i] ■ (£,M(S(a k[2] ) ■ x))a k[0] ® h{a m ))® B em 
®B((n(a fc [ 3 ]) ® a' k )® 



i,k 

®B\(ri(a k ]^) ®a k )® B >' )■ 
Now we apply 

a" 1 : (^ De ® Be M) ®§ {A Ue ® B ,N)^ A Ue ® B e(M® B N) 
to both sides (see (fT6|) ). Using ([5]), we obtain 

^(^Af(a;)afc <8> a' k ) ® B e (m <g) B n) 
k 

= C/^2 a k[i] -^M{S{a k[2] ) ■x)a k[Q] (8)4) ® B e (m® B n). 
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Now M ® B N = B. It follows that 
^2(^M(x)a k <S> a' k ) ® B = b = I ^ajfe[i] • ^Af(^(ajfc[2]) • »)ofc[o] ® a'k I ®s e & > 

fc \ k J 

for all a k ®a' k £ A De , x G Z(2?) and b G B. Using Lemma IOI we find 
that 

^2^M(x)a k ® B 4 = X^^W ' €M(S(a k [ 2 ]) ■ x)a k [ ] ® B a' k 

k k 

= ^2 S ( a 'k[i]) ■ tM{a' m ■ x)a k ® B a' k[0] 

k 

for all Y,k a k®B a' k G A <g)f A op and x G 

Now take h e H. It follows from (J3jHJ) that 7 A (/i) = Y.i l i{h) ®b n(h) G 
,4<g>f A op . Therefore 

y~]£M(x)k(h) ® B ri{h) 

i 

= ^2( s (n{h)[i]) ■ ^M{n{h)[i] ■ x))k(h) ® B ri(h)[ ] 

i 

= ^ S(h {2 )) ■ £M(h( 3 ) ■ x) ® li(h {1) ) ® B ri(h {1) ). 

i 

We apply (A (g> e) o 7^4 to both sides; this gives 

^M(a:)e(/i) = S(h {1) ) ■ £m0(2) • z), 

and, finally, 

^ • Cat (a;) = fyi) • Ciu(a;)e(/i(2)) = (fyi^O^))) ■ £m0(3) • = CmO ■ z), 
which gives the desired formula. □ 

Proposition 8.4. The action of Pic(£>) on Z(B) induces an action of 
Pic(B) H on Z n {H,Z(B)), B n {H,Z{B)) and H n (H, Z(B)). More precisely, 
if f : H® n — > Z(B) is a cocycle (resp. a coboundary), then £m f is also a 
cocycle (resp. a coboundary). 

Proof. This follows immediately from Proposition 18.31 and the definition of 
Sweedler cohomology, see [20 or [5, Sec. 9.1]. □ 

Since Pic(B) H acts on H 2 (H, Z(B)), we can consider the cohomology group 
H l {Pic(B) H ,H 2 (H,Z(B))). 

Theorem 8.5. g 3 G Z l {P\c{B) H , H 2 (H , Z (B))) . 

Proof. Let [M], \ M '\ G Pic(B) H , and consider the corresponding total inte- 
grals 

t M : ff^£:= ADe END(i Dc ® Be M), t M > : H — > E' . 
We recall from Section H] that [o~m] = 93 \M] is defined by the formula 
tM(k) ° t M {h) = a M {h(i) &> k(i))tM(h(2)k(2)). 
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This means that 

(t M (k) o t M (h))(l A n e ®b= m) 

= t M (k)((m(h) + ®m(h)-)® B °m(h)°) 

= (m(h) + m{h)°(k) + ® m{hf(k)-m(h)-) m(h)°{k)° 

equals 

CAf(tyl) <S> fe(l))*Af(/l(2)fc(2))(lA°e ®B e m ) 

= (om(/i(i) <8 fc(i))m(/i (2 )A;(2)) + m(fy 2 )fc(2))~) <8b* m(h^k^))°- 
Then we compute 

jtM® B M^k) o tAfigiflM'WjC^ne <8b (m ®b m')) 
= t M ® B M'{k)((m(h i i ) ) + ® m'{h(2))~) 

(g) Be (m(/i( 1 ))°m(/i( 1 )) _ m / (ft,( 2 )) + ®b w'(/t( 2 )) )) 
® (m(fc (1) )+m(fyi))°(*(i)) + ® m'(/ l(2) )°(A ;(2) )-m'(/ t{2) )-) 
O Be (m(/i {1) )°(A; {1) ) m(/i (1) ) (A; {1) )"m(/i (1) )" 
m'(/ l(2) ) + m'(/ l(2) ) (A: {2) )+® B m'(/» (2) )°(fc (2) )°), 

hence 

g({tM®BM'(k) o fM® B Af'( ft ))( 1 J 4°« ®B ( m % m '))) 

= ((^(^(i)) + ^(^(i)) (^i)) + »™(^i))°(%)r™(fyi)r) 

®b- m(/i {1) )°(A; {1) ) ) 

®B ((m'(/i (2) )+m'(/i {2) ) (£; (2) ) + m'(/i (2) ) (A; (2) )-m / (/t (2) )-) 
® Be m'(/t {2) ) (A; (2) ) ) 
= ((tr(/i(i) <8) ^(i))"i-(/i( 2 )fc( 2 )) + 8> m(/i( 2 )/c( 2 ))~) ® B e m(h( 2 )k(2))°) 
®B ((c'0(3) ® ^(3)) m '( /i (4)%)) + 8) m'(/t ( 4)fc ( 4)) _ ) 

= (O(fyi) fyi))£iw(c'(/t( 2 ) <8 /c (2) ))m(/i (3 )/i: ( 3)) + (8) m(/t( 3 )A;( 3 ))~) 
®Be m(/i ( 3)/c(3))°) <g> B ((m / (/i( 4 )A;(4)) + Km'f^^)) - ) 
(8) B e m / (/i( 4 )A;(4 ) ) ) 
= cr(/i (1) (8) fc(i))^Af(o-'(/i( 2 ) <8) ^( 2 )))s'(iM® s Af'( /ifc )( 1 J 4n<= ®B (m ®s m'))). 
This shows that 

tM® B M>(k) o t M ® B M'{h) = c(fyi) 8> fe(i))£M(c'(/i( 2 ) ® k^ 2 )))tM® B M'{hk). 
Consequently, 

&M® B M' = CM * (Cm ° CM')) 

which proves the Theorem. □ 
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9. Galois objects over noncocommutative Hopf algebras 

Let H be a (possibly non-cocommutative) Hopf algebra with bijective an- 
tipode, and A an //-Galois extension of B = A coH . We can still define 
the Picard groups Pic H (A), Pic(S) and Pic^ H (B), and we still have that 
Pic H (A) Pic n "(£), cf. Section [5j We can therefore ask whether the exact 
sequence from Theorem 17.51 can be generalized to non-cocommutative Hopf 
algebras. The obstructions are the following. 

(1) We need the property that AOhA° p is an //-Galois extension (see 
Theorem 13.31 and Proposition I3.5() in order to apply Corollary 14.101 
(with H replaced by AU H A op ); 

(2) We used the fact that H is cocommutative when we defined the 
//-stable part of Pic(-B) (see Section [6j); 

(3) We want to have a group structure on £Iau h a°p ■ 

These problems can be fixed in the case where the algebra of coinvariants 
B coincides with the groundfield k, that is, when A is a Galois object. 
Examples of Galois objects are for example classical Galois field extensions 
(then H = (kG)* , with G a finite group); other examples of Galois objects 
over noncocommutative algebras have been studied in [HE]. 
In this case, ^Iao h a°p — Alg(iJ, k) is a group, by Proposition \AA\ and 
problem 3) is fixed. To handle problem 1), we invoke the theory of Hopf- 
Bigalois objects, as developed by Schauenburg [TTj. If A is a right //-Galois 
object, then there exists another Hopf algebra L = L(A,H), unique up to 
isomorphism, such that A is an (L, //)-Bigalois object, that is, A is left L- 
Galois object, a right //-Galois object, and an (L, //)-bicomodule. For the 
construction of L, we refer to [T71 Sec. 3]. If // is cocommutative, then L = 
H. We can then introduce the Harrison groupoid [TTJ, Sec. 4]. Objects are 
Hopf algebras with bijective antipode, morphisms are Hopf-Bigalois objects, 
and the composition of morphisms is given by the cotensor product. The 
inverse of a morphism A between L and H (that is, an (L, //)-Bigalois 
object) is ^4° p , with left //-coaction A given by the formula A(o) = S , ~ 1 (a[ 1 ])<8> 
ar ]. In particular, (A\3hA° p ) is an (L, L)-Bigalois object, and, in particular, 
a right //-Galois object. Applying Proposition 14.41 and Corollary 14.101 we 
obtain 

^AO H Aop = VAn H A°P = Alg^D^P, k) S Alg(L, k). 

The isomorphism Alg(j4Dj7^4 op , k) = Alg(L,k) can also be obtained as fol- 
lows. Since A op is the inverse of A in the Harrison groupoid, we have that 
An\tfA op = L as bicomodule algebras. 

Since Pic(f?) = 1 (k is a field), the map Pic^^-B) — > Pic(-B) is trivial. Its 
kernel is Qao h a°p, so we obtain the following result. 

Proposition 9.1. Let H be a Hopf algebra with bijective antipode, A a right 
H -Galois object, and L = L(A, H). Then Vic H {A) ^ Pic D « (it) ^ Alg(L, k). 

If H is cocommutative, then L = H, so Pic H (A) = Alg(H,k). This iso- 
morphism can be described explicitely. The isomorphism A\g(H, k) — > 
Alg(A\D}{A op ,k) is a particular case of (|28p . For an algebra morphism 
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a : H — > k, the corresponding (f) a : A\DhA° p — ► k is given by 

</> a (X) a .j ® 4) = 5^ a J a j[o] a K-[i])' 

and the corresponding AD^A^-action on k is induced by a. 

Let us now compute the corresponding ^4-bimodule structure on A. It is 

shown in [6l Prop. 2.3] that we have a right f/-colinear isomorphism 

/ : A ® (An#A op ) -> i4 ® A op , /(a ® (J^ a,- ® o$)) = aaj ® a$. 

j j 

The inverse of / is given by the formula 

f'Ha') = ^k(S(afa))®ri(S(a' m )) <g> aj 0] . 

For iV G An H A°p-^) w e have an isomorphism 

g : A ® N^A <g> (An H A op ) A n H A°p iV^(.4n/M op ) &UD ff A°p AT. 

Here ?/> is the natural isomorphism. The A-bimodule structure on A (g> A?" is 
obtained by transporting the A-bimodule structure on (A\3HA op )®Aa H A°p N 
to A N using g. Take a, a' , a" £ A and n £ N. Then 

a'g(a <g> n)a" = a' ((a (8) 1) ®au h a°p n )a" = (a'a (g) a") g^n^^p n. 

Now 

a' • (a <g> n) • a" = g~ l (a'g(a (g) n)a") = V^ 1 (/ - (o'a <%> a") ®ad Hj 4°p n ) 
= ^o'aZ l (S'(aji ] )) (8) (^(^(a^)) <g> aj' 0] )n e A ® iV. 

i 

Now let N = k, with left yin^^-action given by <f> a , and identify A® N = 
A using the natural isomorphism. The corresponding A-bimodule structure 
on A N = A is then given by the formula 

a! ■ a - a" =) j a' ak{S{a'^))^ a {ri{S{a"^)) <8> aj' Q] ) 

i 

= ^a'akiSia'^yiiSia'^a'^aia''^) = a'aaj' 0] a(aj' 1] ). 

i 

We conclude that the (A® A op , i7)-Hopf module P representing the element 
in Pic (A) corresponding to a is equal to A as a left A-module and a right 
.ff-comodule, and with right ^4-module action given by the formula 

(31) a ■ a' = aa[Qja(om). 

Example 9.2. Let q = p d , and k a field of characteristic p. Consider the 
Hopf algebra H = k[x\/{x q — x), with x primitive and S(x) = —x. If d = 1, 
then H is the dual of the group algebra over the cyclic group of order p. 
The iJ-Galois are known, see for example [3 Sec. 11.3] for detail. More 
precisely, the group of Galois objects Gal(k,H) = k/{a q — a \ a £ k}. The 
Galois object corresponding to a £ k is the Artin-Schreier extension 

S = k[y)/(yi-y-a) 

with coaction ps(y) = y®l + l<8>x. Furthermore 

Mg(H,k) ^{b£k\b q = &}. 
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The algebra morphism a corresponding to b G k is determined by the formula 
a{x) = b. Now fix a G k, and consider S = k[y]/(y q — y — a). It follows from 
Proposition 19.11 that 

Vic H {S) ^{bek\b q = b}. 

The (S <S> 5 op ,i7)-Hopf module P representing the element of Pic H (S) cor- 
responding to b satisfying b q = b is equal to S as a left S-module and a right 
.ff-comodule. The right 5-action on P is completely determined by the right 
action of y on p G P = S. Since y[o]a(y^) = y + b, formula ([3"Tj) takes the 
form 

p.y= p (y + b). 

Example 9.3. We keep the notation of Example 19,21 Let B be a /c-algebra, 
and A = B® S, p A = B® p: B®S^B®S®H. Then 

can^ = B®ca,n s : A® B A = (B®S)® B (B®S) = B&S&S -> B<£>S<£>H = A®H 

is an isomorphism, hence A is an ff-Galois extension of B. 

We claim that the Miyashita-Ulbrich action on Z(B) is trivial. Let 7s(/i) = 

J2i k(h) <8> r,i(h) G 5 (8) S, for all h £ H. It is easy to see that 

can^y^ Ib <8> <8> ^(/i)) = 1b ® Is ® /i = 1a ® h, 

i 

hence 

i 

and, for x G Z(B) = Z(B) ® fc, 

/i • x = ® W)(1b ® 1*)(1b ® ^0)) = 

i 

Now it follows that 

H l {H,Z{B)) 9* Alg(H,B) ={b£ B \ b q = b}. 

Our next aim is to show that every element of Pic(-B) is .ff-stable. First 
observe that A op = B op ® S op , with S op = S as an algebra, and with H- 
coaction given by p(y) = y <S> 1 — 1<S> x. Then 

AD H A op = B®B°v® {SU H S° V ) = B e ® S De . 

Now let M G Pic(ff). Then A De ® B eM = M®S Ue ^ M<g>ff, since S Ue = H. 
This shows that M is -ff-stable, and it follows that Pic(-B) = Pic(S)^. The 
exact sequence from Theorem 17.51 specializes to 

1 -► {b G B I b q = b} -► Pic H (A) -> Pic(B) # 2 (#, Z(B)). 

Before we present our final Example 19.41 we make the following observation. 
Suppose that -ff is a finite dimensional commutative Hopf algebra. Then 
H* is a cocommutative Hopf algebra. If A is an ff*-Galois object, then A is 
an .ff-module algebra, with left .ff-action h(a) = (am,h)am\. Furthermore 
Alg(ff*, k) = G(H), the group of grouplike elements of H. Take g G G(H); 
(|31|) can then be rewritten as 

(32) a ■ a = ag(a'). 
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Example 9.4. In [12] . forms of the cyclic group algebra have been studied. 
One of the examples is the following quotient of the trigonometric Hopf 
algebra over Q: 

H = Q[c, s]/(c 2 + s 2 -l,sc). 

H is a form of the group algebra over the cyclic group of order 4, that is, 
H® Q C = CC 4 - The grouplike elements of H ®qC = C[c, s]/(c 2 + s 2 - 1, sc) 
are gi = (c + is) 1 , i = 0, • • • ,3. It is easy to see that g\, gs H and 
go = 1, 52 = c 2 — s 2 6 P, hence 

G(F) = {l, 52 = c 2 - S 2 }. 

An example of an i7*-Galois object is given in [X2^ Remark p. 135]: j4 = 
Q(/x), with ^ = and H-action given by the formulas 

c(l) = 1 c(ji) = c(/i 2 ) = -ii 2 c(rt 3 ) = 
s(l) = s(p) = -pt s(ri 2 ) = s(> 3 ) = /i 3 

Since G(H) = {l,g2}, it follows from Proposition 19.11 that Pic^(^4) is the 
cyclic group of order 2. Using (|32p . we can describe its nontrivial element 
[P]. First observe that the action of g<i on A is given by the formula gi = 
(— 1)V- Then P = ^4 as a left ^4-module and a left -ff-module, with right 
A- act ion given by 

a ■ fi l = (-lf^a. 
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